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Abstract
We perform a Kaluza–Klein reduction of eleven-dimensional supergravity on a Calabi–Yau fourfold in-
cluding terms quartic and cubic in the Riemann curvature and determine the induced corrections to the 
three-dimensional two-derivative N = 2 effective action. We focus on the effective Einstein–Hilbert term 
and the kinetic terms for vectors. Dualizing the vectors into scalars, we derive the resulting Kähler potential 
and complex coordinates. The classical expressions for the Kähler coordinates are non-trivially modified 
by terms containing the third Chern form of the background Calabi–Yau fourfold, while the functional 
form of the Kähler potential is shown to be uncorrected. We omit terms proportional to the non-harmonic 
part of the third Chern form. For elliptically fibered Calabi–Yau fourfolds the corrections can be uplifted 
to a four-dimensional F-theory compactification. We argue that also the four-dimensional N = 1 Kähler 
coordinates receive non-trivial corrections. We find a simple expression for the induced corrections for dif-
ferent Abelian and non-Abelian seven-brane configurations by scanning over many Calabi–Yau fourfolds 
with resolved singularities. The interpretation of this expression leads us to conjecture that the higher-
curvature corrections correspond to α′ 2 corrections that arise from open strings at the self-intersection of 
seven-branes.
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Compactifications of string theory to four-dimensional (4d) minimally supersymmetric theo-
ries are of particular phenomenological interest. The leading effective actions are often derived 
by dimensionally reducing the ten-dimensional supergravity actions with localized brane sources. 
Imprints of string theory arise from corrections that are at higher order in α′, which corresponds 
to the square of the string length. In 4d compactifications with minimal N = 1 supersymmetry 
such corrections are in general difficult to compute. Nevertheless, they are crucial in determining 
the couplings and vacua of the effective theory and addressing the problem of moduli stabiliza-
tion. A phenomenologically promising scenario for which the N = 1 effective action has been 
studied intensively are Type IIB string compactifications with space–time filling seven-branes 
hosting non-Abelian gauge groups [1–3]. F-theory provides a formulation of such Type IIB string 
backgrounds at varying string coupling [4]. It captures string coupling dependent corrections in 
the geometry of an elliptically fibered higher-dimensional manifold. F-theory compactified on an 
elliptically fibered Calabi–Yau fourfold yields a 4d effective theory with N = 1 supersymmetry. 
In this work we study certain α′ corrections to the classical F-theory effective action determined 
in [5].
In order to study the general effective actions arising in F-theory compactifications one has 
to take a detour via M-theory [2,4,5]. While there is no fundamental twelve-dimensional low-
energy effective action of F-theory, M-theory can be accessed through its long wave-length limit 
provided by eleven-dimensional (11d) supergravity. M-theory on a Calabi–Yau fourfold yields 
a three-dimensional (3d) effective theory with N = 2 supersymmetry [6–8]. This theory can be 
lifted to four dimensions if the fourfold is elliptically fibered. Starting with the two-derivative 
11d supergravity action, one derives the classical 4d F-theory effective action using this duality.
The aim of this work is to determine α′ corrections to the classical 4d F-theory effective action 
using known higher curvature corrections to the 11d supergravity action. Indeed, following the 
M-theory to F-theory duality, one finds that terms that are of higher order in lM , the fundamental 
length scale of M-theory, can map to α′ corrections in F-theory. One is thus able to derive α′
corrections to the internal volume appearing in the 4d, N = 1 Kähler potential of F-theory [9]. 
More precisely, one includes the eight derivative terms quartic in the Riemann tensor in a clas-
sical Kaluza–Klein reduction on a Calabi–Yau fourfold. The 11d R4-terms were determined and 
investigated in [10–15] and were already argued to induce a correction to the 3d Einstein–Hilbert 
term on a Calabi–Yau fourfold in [7,8]. It is important to stress that while determining the 3d 
Einstein–Hilbert action allows to infer corrections to the Kähler potential as argued in [9], the 
derivation of the Kähler coordinates requires a more extensive reduction.
The derivation of the Kähler coordinates is a non-trivial task and is approached in this work 
in a simplified setup. We dimensionally reduce the recently found higher-derivative corrections 
quadratic in the M-theory four-form field strength G4 and cubic in the Riemann tensor R, but 
omit terms of the form (∇G4)2R2, see [16]. In the 3d, N = 2 effective action the considered 
terms then yield a modification of the kinetic terms of the vector fields that readily translates to 
a correction to the 3d Kähler coordinates. Both the corrections to the Kähler potential and the 
Kähler coordinates depend on the third Chern class of the internal manifold. Remarkably, we find 
that the functional dependence of the Kähler potential on the modified Kähler coordinates is not 
modified in comparison to the classical result. In particular, the Kähler potential still satisfies a 
strict no-scale condition as is already the case for the classical reduction without higher curvature 
terms. Let us stress, however, that in order to perform this derivation we omit terms proportional 
to the non-harmonic part of the third Chern form. Furthermore, it was found in [17] that a general 
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warping effects in this work. For the general discussion including a warped background metric, 
the corrections (∇G4)2R2 and a non-harmonic third Chern form we refer the reader to [18–20].
Having derived the 3d, N = 2 Kähler potential and Kähler coordinates, we proceed by dis-
cussing the F-theory limit to four space–time dimensions. In order to do that, one has to restrict 
to an elliptically fibered Calabi–Yau fourfold and separate the volume of the elliptic fiber. This 
volume modulus maps to the radius of a circle used in reducing a 4d, N = 1 theory to three di-
mensions. Identifying the correct scaling limit, one finds that also the 4d Kähler coordinates and 
Kähler potential admit corrections that are now α′-dependent. As in three dimensions, however, 
the functional dependence of the 4d Kähler potential on the corrected coordinates is identical to 
the one found for the classical reduction. This implies the standard 4d no-scale condition.
It is an interesting question to interpret the α′ corrections to the Kähler coordinates and Kähler 
potential in Type IIB string theory. In order to approach this, we argue for a simple formula that 
allows to express the third Chern class corrections in terms of seven-brane locations in the base 
of the elliptic fibration. While we do not have a general derivation of this formula, we are able 
to successfully test its validity for numerous seven-brane configurations with Abelian and non-
Abelian gauge groups. In order to give an open string interpretation we then take the Type IIB 
weak string coupling limit [21,22]. We argue that the identified F-theory α′ corrections depend 
crucially on the topological properties of the self-intersection curve of the involved Abelian and 
non-Abelian D7-branes. A simple counting of powers of the string coupling suggests that the 
correction to the Kähler coordinates, identified as gauge coupling functions of D7-branes, arises 
at string one-loop level. Different α′ corrections to F-theory effective actions and their weak 
coupling interpretations have been found in [23,24].
The paper is organized as follows. In section 2 we perform a dimensional reduction of the 
recently found higher curvature terms [16] to determine the kinetic terms of the vectors in the 
3d, N = 2 effective action. This result allows us to derive the N = 2 Kähler coordinates for the 
Kähler potential found in [9] and comment on the no-scale structure of the effective theory. The 
F-theory limit to four dimensions is carried out in section 3 for elliptically fibered Calabi–Yau 
fourfolds. Implementing the limit, we then derive the α′-corrected 4d, N = 1 Kähler potential 
and Kähler coordinates. Finally, in section 4, we argue for a simple universal formula that al-
lows to evaluate the α′ corrections in F-theory using the seven-brane data. In the weak string 
coupling limit we find that the α′ corrections seem to arise from open strings localized at the 
self-intersections of D7-branes. We test these statements for various Abelian and non-Abelian 
seven-brane configurations. In Appendix A we summarize our conventions and give various 
useful identifies. A simple analytic computation of the third Chern class for SU(2) setups is 
presented in Appendix B.
2. Higher-derivative corrections in M-theory on Calabi–Yau fourfolds
In this section we derive the three-dimensional effective action of eleven-dimensional super-
gravity including a known set of eight-derivative corrections. More precisely, we dimensionally 
reduce higher curvature terms with four Riemann tensors found in [10–15] and terms quadratic 
in the M-theory field strength G4 and cubic in the Riemann tensors introduced in [16]. In subsec-
tion 2.1 we collect the relevant terms of the 11d supergravity action and recall the general form 
of a 3d, N = 2 supergravity theory. Both are connected by a dimensional reduction that we carry 
out in subsection 2.2. Finally, in subsection 2.3 we determine the 3d, N = 2 coordinates and the 
Kähler potential. We also comment on the no-scale properties of the resulting theory.
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In order to set the stage for performing the dimensional reduction, let us first collect the 
relevant terms of the 11d supergravity theory. In the following we will focus only on the purely 
bosonic parts of the various supergravity theories. The two-derivative action of 11d supergravity 
[25] together with the relevant eight-derivative terms found in [10–16] reads
S(11) ⊃ SR + SG4 + SCS , (2.1)
where we have defined1
SR = 12κ211
∫
R ∗11 1 + k1
(
t8t8R
4 − 1
24
1111R
4
)
∗11 1 , (2.2)
SG4 = −
1
2κ211
∫ 1
2
G4 ∧ ∗11G4 + k1
(
t8t8G
2
4R
3 + 1
96
1111G
2
4R
3
)
∗11 1 , (2.3)
SCS = − 12κ211
∫ 1
6
C3 ∧G4 ∧G4 − k1 C3 ∧X8 . (2.4)
The constant k1 is given by
k1 = (4πκ
2
11)
2/3
(2π)432213
. (2.5)
Since the explicit form of the higher-derivative corrections is rather lengthy, we summarize them 
in detail in Appendix A.3. In particular, t8t8R4 is defined in (A.17), 1111R4 in (A.18), t8t8G24R3
in (A.19), 1111G24R3 in (A.20), and X8 in (A.21).
In order to derive the 3d effective action, the terms summarized in (2.1) have to be reduced on 
a background of the form M2,1 × M8, where M2,1 is the non-compact macroscopic space–time 
and M8 is the internal compact space. Supersymmetric solutions including background fluxes for 
G4 and certain higher-derivative corrections have been found in [17]. In general, these solutions 
include a warp factor multiplying the metric of M2,1 that depends on the internal coordinates.
For a supersymmetric background, the resulting theory admits four supercharges and can 
hence be matched with the canonical form of the 3d, N = 2 action. In general, this action prop-
agates a number of complex scalars NA in chiral multiplets coupled to non-dynamical vectors. 
In the following, we will only consider the ungauged case and can hence start with a 3d theory 
with only gravity and chiral multiplets.2 The bosonic part of the N = 2 action reads [27]
S
(3)
N=2 =
1
κ23
∫ 1
2
R3 ∗3 1 −KAB¯ dNA ∧ ∗3dN¯B¯ − VF ∗3 1 . (2.6)
Supersymmetry ensures that the metric KAB¯ is actually encoded in a real Kähler potential 
K(N, N¯) as KAB¯ = ∂NA∂N¯B¯K . Even in the absence of gaugings, a scalar potential can arise 
from a holomorphic superpotential W(N) and takes the form
VF = eK
(
KAB¯DAWDBW − 4|W |2
)
, (2.7)
1 The coefficient of the R4, G2R4 and X8 term of [16] is different from the one derived by [15] which we used to derive 
the result of our recent paper [9]. Thus (2.1) is not exactly the one given by [16], but the higher derivative corrections are 
divided by the additional factor of (2π)432213.
2 Let us stress that most of the derivation presented in the following can be generalized to the case with non-trivial 
gaugings in a straightforward fashion [26].
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derivative.
In order to match the action (2.6) with the dimensional reduction of M-theory, it turns out to 
be useful to dualize some of the scalar multiplets NA into 3d vector multiplets. Therefore, we 
decompose NA = {MI, T} and split the index as A = (I, ). If the real scalars ImT have 
shift symmetries, it is possible to dualize them to vectors A . The real parts of T are redefined 
to real scalars L that naturally combine with the vectors A into the bosonic components of 
N = 2 vector multiplets. The dual 3d, N = 2 action reads
S
(3)
N=2 =
1
κ23
∫ 1
2
R3 ∗3 1 − K˜I J¯ dMI ∧ ∗3dM¯J¯ +
1
4
K˜dL
 ∧ ∗3dL
+ 1
4
K˜F
 ∧ ∗3F + Im[K˜IdMI ] ∧ F − VF ∗3 1 . (2.8)
The new couplings can now be derived from a real function K˜(L, M, M¯) known as the kinetic 
potential according to
K˜ = ∂L∂L K˜ , K˜I J¯ = ∂MI ∂M¯J¯ K˜ , K˜I = ∂MI ∂LK˜ . (2.9)
The Kähler potential K and kinetic potential K˜ as well as the fields ReT and L are related by 
a Legendre transform. Explicitly, the relations are given by
K˜(L,M,M¯) = K(T , T¯ ,M,M¯)+ ReT L , L = − ∂K
∂ ReT
. (2.10)
In reverse, one finds that
ReT = ∂K˜
∂L
. (2.11)
In the following we aim to read off the Kähler potential K and metric K˜ from the dimensional 
reduction of the 11d action (2.1).
Neglecting higher-derivative terms, the N = 2 Kähler potential arising from a reduction on a 
Calabi–Yau fourfold M8 = Y4 was derived in [6,7]. For the Kähler structure moduli it was found 
to be
K = −3 logV0 , V0 = 14!
∫
Y4
J 4 , (2.12)
where V0 is the classical volume of Y4, and J is the Kähler form on Y4. Note that the quantity in 
the logarithm, i.e. the volume V0, appears in front of the 3d Einstein–Hilbert term after dimen-
sional reduction. In order to move to the standard Einstein frame, it has to be removed by a Weyl 
rescaling of the metric gnew = V20 gold. In fact, due to the Weyl rescaling also the scalar potential 
is rescaled and by comparison with the factor eK in (2.7) one can heuristically infer (2.12).
Including the higher-derivative terms present in SR given by (2.2), one expects a correction 
to the classical Kähler potential (2.12). Neglecting warping, the precise form of the correction to 
K was derived in [9]. Indeed, the reduction of SR gives the 3d Einstein–Hilbert term
S3 ⊃ 1 8
∫
VR(3)sc ∗3 1 (2.13)(2π)
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V = 1
4!
∫
J 4 + π
2
24
∫
c3 ∧ J . (2.14)
Applying the same strategy as above, one can then infer the corrected Kähler potential to be
K = −3 logV . (2.15)
Here we have used the conventions3
2κ211 = (2π)5l9M = (2π)8 = 2κ23 , k1 =
π2
32 · 211 (2.16)
It is important to emphasize that this derivation does not suffice to fix the 3d Kähler coordi-
nates T . This can be achieved by reading off the metric K˜ in front of the dynamical terms of 
the vectors in (2.8). More precisely, we perform the reduction of SG4 given in (2.3) on a Calabi–
Yau fourfold Y4, once again neglecting warping. The kinetic terms of the vectors arise as a subset 
of the terms induced by reduction of SG4 and take the form
S3 ⊃ 1
(2π)8
∫
G F
 ∧ ∗3F . (2.17)
This chooses the frame where the vectors are dynamical and one can compare them to the canon-
ical form of the action (2.8). To do this, one first has to Weyl rescale the action to get rid of the 
quantum volume V in front of the Einstein–Hilbert term (2.13). In the process, one introduces a 
power of V in front of the kinetic term of the vectors and one finds
S3 ⊃ 1
(2π)8
∫
R ∗3 1 + VGF ∧ ∗3F . (2.18)
After comparing to (2.8) and using (2.16), one infers that K˜red = 2VG . In order to find a 
consistent reduction, K˜red has to be compatible with K as given in (2.15) and (2.14). This fixes 
the 3d Kähler coordinates T as we discuss in more detail in subsection 2.3.
2.2. Dimensional reduction of higher-curvature terms
In this subsection we present the reduction of (2.3) on a Calabi–Yau fourfold to three dimen-
sions with focus on the kinetic terms of the vectors. The variations of the Calabi–Yau metric split 
into h1,1(Y4) Kähler structure and h3,1(Y4) complex structure deformations. For simplicity we 
will consider geometries with h2,1(Y4) = 0 in the following. Furthermore, we will not consider 
the complex structure deformations in the remainder of this work. In fact, one can check that the 
corrections analyzed in the following are indeed independent of the complex structure.
The Kähler structure deformations parametrize the variations of the Kähler form J by ex-
panding
J = vω , (2.19)
3 This corresponds to setting α′ = gIIA = 1 in lM = (2πgIIA)1/3
√
α′ , when reducing to Type IIA string theory.S S
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the 3d effective theory. Let us define the intersection numbers
K
 =
∫
Y4
ω ∧ω
 ∧ω ∧ω , (2.20)
which allow us to abbreviate
K =K
v
vv , K
 =K
vv , K
 =K
v . (2.21)
These quantities can be expressed as integrals including powers of J using (2.19). Furthermore, 
we define the topological quantities χ and their J -contraction χ(J ) as
χ =
∫
Y4
c3(Y4)∧ω , χ(J ) = χ v , (2.22)
where c3(Y4) is the third Chern class of the tangent bundle of Y4. Note that χ contains six 
internal derivatives.
In our reduction ansatz, the M-theory three-form C3 is expanded into the harmonic 
(1, 1)-forms introduced in (2.19) with vector fields A as coefficients. Hence, the field strength 
G4 of C3 takes the form
G4 = F ∧ω = 12F

μν(ω)αβ¯ dx
μ ∧ dxν ∧ dzα ∧ dz¯β¯ , (2.23)
where the F = dA are the field strengths of the 3d vector fields. Here we also introduced ex-
plicit real coordinates xμ, μ = 0, 1, 2 on M2,1 and complex coordinates zα, α = 1, 2, 3, 4 on M8.
Using (2.23), one performs the dimensional reduction of the classical part of (2.3), see [6,7], 
and finds
−1
2
∫
G4 ∧ ∗11G4 = −12
∫
F ∧ ∗3F
∫
Y4
ω ∧ ∗8ω . (2.24)
To rewrite expressions in terms of the quantities introduced in (2.21) and (2.22), one makes use 
of identities valid for the Hodge star ∗8 evaluated on certain internal harmonic forms, such as
∗8ω = 23
1
4!V0K J
3 − 1
2
ω ∧ J 2 . (2.25)
We will further discuss these equations in appendix A.5 and derive additional relations that 
straightforwardly follow from (2.25). These identities will be repeatedly used in the following. 
For example, applying (2.25) one finds∫
ω ∧ ∗8ω = 136V0KK −
1
2
K . (2.26)
Let us now perform the dimensional reduction of the higher derivative corrections in (2.3) by 
applying the same logic as for the classical part discussed above. This requires us to use (2.23), 
(2.25) and related identities summarized in appendix A.5. We begin by discussing the reduction 
of t8t8G24R
3 and proceed with the reduction of 1111G2R3. We consider only terms that have 
two external derivatives and depend on the gauge fields A . Hence, G4 is of the form (2.23)
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internal. The reduction of t8t8G24R
3 then yields4
t8t8G
2R3∗11 ⊃ sgn(◦ · · · ◦)G◦ ◦μ1μ2Gμ1μ2◦ ◦R◦ ◦◦ ◦R◦ ◦◦ ◦R◦ ◦◦ ◦ ∗11 1
= 14 terms := Xt8t8 . (2.27)
Here, the symbols ◦ schematically represent all appearing permutations of internal indices dic-
tated by the index structure of the t8 tensor. Each of the 14 terms in (2.27) is of the general 
form [
F2 ∧ ∗3F2
]
(ω)
◦◦ (ω)◦◦ R◦ ◦◦ ◦R◦ ◦◦ ◦R◦ ◦ ∗8 1 . (2.28)
None of the 14 terms in (2.27) arise from top forms containing the third Chern class c3(Y3), 
which can be seen by analyzing their index structure.
Similarly, one reduces 1111G24R
3 and finds the following terms contributing to the kinetic 
terms of the vectors
1
96
1111G
2R3 ∗11 1 ⊃ sgn(◦ · · · ◦)G◦ ◦μ1μ2Gμ1μ2◦ ◦R◦ ◦◦ ◦R◦ ◦◦ ◦R◦ ◦◦ ◦ ∗11 1
= 8 terms − Xt8t8 . (2.29)
The Xt8t8 term in the reductions of t8t8G2R3 and 1111G24R
3 cancels and only eight terms 
originating from the reduction of 1111G24R
3 remain. They are of general type (2.28) and their 
explicit form is given in appendix A.3 in (A.24). The various index summations in (A.24) can 
be recast in terms of the following linear combination of top forms on the internal space, each 
containing the third Chern class c3 = c3(Y4) and two (1, 1)-forms ω :
−
(
t8t8G
2R3 + 1
96
1111G
2R3
)
∗11 1 = 8 terms
= 3 · 27 [F2 ∧ ∗3F2 ]
[
∗8 (ω ∧ω ∧ J )∧ c3 − 12 ∗8
(
ω ∧ω ∧ J 2
)
∧ c3 ∧ J
+ 1
6
ω ∧ J 3 ∧ ∗8 (c3 ∧ω)+ 16 ω ∧ J
3 ∧ ∗8 (c3 ∧ω)
− (ω ∧ ∗8ω)∧ ∗8 (c3 ∧ J )] . (2.30)
Before we proceed let us comment on the non-harmonicity of c3, which will be of crucial impor-
tance for the following integral splits. The third Chern form can be written in terms the curvature 
two-form on a Calabi–Yau manifold, see (A.13). One can easily explicitly verify that dc3 = 0
whilst d ∗ c3 	= 0, thus it is closed but not co-closed with respect to the Kähler metric gmn¯. This 
means that it may be expanded as c3(Y4) = Hc3(Y4) + i∂∂¯F4(Y4), where H indicates the pro-
jection to the harmonic part with respect to the metric gmn¯. This equation defines a co-closed 
(2, 2)-form F4 which becomes relevant when using (A.30) to derive∫
Y4
∗(ωi ∧ωj ∧J
)∧ c3 = −V0KklKkliZj + 23V0KijZ+
∫
Y4
∗(ωi ∧ωj ∧J
)∧ ∂∂¯F4, (2.31)
4 These computations were performed in Mathematica using the X-tensor package http://xact.es/xTensor.
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is a sufficient criteria for last term in (2.31) to vanish. By using (A.27) one finds without any 
obstruction that∫
Y4
−1
2
∗ (ωi ∧ωj ∧ J 2)∧ c3 ∧ J − (ωi ∧ ∗ωj )∧ ∗(c3 ∧ J )= − 1V0KiKjZ , (2.32)
since the terms ∗(ωi ∧ ωj ∧ J 2) ∧ c3 ∧ J cancel without the necessity of splitting the integral, 
which would elsewise also give rise to terms containing the non-harmonic part of c3. It is not 
clear that one can find a Calabi–Yau geometry where c3 is harmonic, however, we assume c3 to 
be harmonic in the background Calabi–Yau for the remainder of this work.
We can then use the identities (2.25) and (A.27)–(A.30) to express the reduction result (2.30)
in terms of the basic building blocks (2.21) and (2.22), which we then relate to the canonical 
form of the 3d, N = 2 action (2.8), as already outlined in subsection 2.1. In case c3 cannot be 
chosen harmonic it amounts to effectively dropping the term 
∫
Y4
∗(ωi ∧ ωj ∧ J
) ∧ ∂∂¯F4 from 
the analysis, which appears in (2.31) due to the integral split. Furthermore, one needs to take 
into account the contribution arising from the reduction of the classical kinetic term (2.24) and 
performing the Weyl rescaling with the quantum corrected volume (2.14). One can then read off 
the couplings K˜red that arise from the reduction. We find an overall factor of 3 · 28 · k1 = π
2
24
for the contributions from (2.30). This is the same factor that appeared in the corrected volume 
V given in (2.14). Due to the Weyl rescaling, the volume correction also contributes to K˜red in 
linear order in χ . Note that we will neglect quadratic corrections in χ to the Kähler metric 
in all of our computations. These corrections would contain six Riemann tensors of the internal 
space and would thus have twelve derivatives. Performing all outlined steps, we finally arrive at 
the result
K˜red = K˜0 −
π2
24
[
2V0K
K
χ − 56Kχ(J )−
1
6
Kχ
− 1
6
Kχ + 118V0KKχ(J )
]
(2.33)
with the classical coupling function
K˜0 =
V0
2
K − 136KK = −V0
∫
ω ∧ ∗8ω . (2.34)
This concludes the dimensional reduction of the action SG4 given in (2.3). In the next step, 
we will use this result to infer the 3d, N = 2 Kähler coordinates. Let us stress that in order 
to derive the fully reduced action one would also have to consider the kinetic terms of the v
by dimensional reduction of SR given in (2.2). However, as we will see next, the result (2.33)
together with 3d, N = 2 supersymmetry suffices to fix the Kähler coordinates.
2.3. Determining the 3d, N = 2 coordinates and Kähler potential
As already noted above, the reduction of (2.2) performed in [9] to find the Kähler potential 
(2.15) does not suffice to fix the Kähler coordinates T in the 3d, N = 2 action (2.6). The Kähler 
coordinates can however be determined by using the relation of the Kähler potential K given in 
(2.15) with the couplings K˜red found in (2.33). As a first step, one computes the general form 
of K˜ arising from a Kähler potential K by Legendre transform. If the Kähler metric separates 
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K˜ using the identity
K˜ = −14
(
∂2K
∂T¯∂T
)−1
. (2.35)
In our reduction with h2,1(Y4) = 0, the separation into NA = {MI, T} indeed takes place. 
Hence, one can compare the expression (2.35) to K˜red in order to read off T.
The classical Kähler coordinates, which correspond to six-cycle volumes of the Calabi–Yau 
fourfold Y4, are given by
ReT = 13!K . (2.36)
Performing the Legendre transform and using (2.35), one finds that the classical Kähler coordi-
nates (2.36) together with the Kähler potential (2.15) do not suffice to arrive at the metric K˜red
given in (2.33). Indeed, it is necessary to correct the Kähler coordinates as
ReT = 13!K
(
1 + π
2
24V0 χ(J )
)
− π
2
24
χ , (2.37)
to achieve the match K˜ = K˜red . This non-trivial field redefinition might also be interpreted as 
a quantum correction to the six-cycle volumes. We stress that the last term in (2.37) is constant, 
since χ are topological quantities, and cannot be inferred by using (2.35). In fact, this term 
could be removed by a trivial holomorphic Kähler transformation. The reason for including this 
shift will be explained below.
Having determined both the Kähler potential in (2.15) and the Kähler coordinates in (2.37), 
one can now show that a 3d no-scale condition holds. More precisely, one derives that
KTK
TT¯KT¯ = 4 . (2.38)
This implies that the term −4|W |2 in the scalar potential (2.7) will cancel precisely if W is 
independent of T.
The coordinates T are the propagating complex scalars in the 3d, N = 2 action (2.6). If 
one changes to different propagating degrees of freedom by dualizing ImT and performing 
the Legendre transform for ReT as described in subsection 2.1, one arrives at propagating real 
scalars L in the dual version of the 3d N = 2 action (2.8). It is convenient to perform all 
computations in this frame, since the Kähler potential K , the Kähler form J , and the geometric 
quantities (2.21) and (2.22) depend explicitly on the fields v . These are real scalars in the 3d 
action and correspond to 2-cycle volumes of the internal space. By definition of the Legendre 
transform one has the relation
L = − ∂K
∂ ReT
= − ∂K
∂v
∂v
∂ ReT
. (2.39)
To evaluate (2.39) one first needs to compute the partial derivative of the Kähler potential K
and the Kähler coordinates T in (2.37) w.r.t. to the fields v. Then one inverts the matrix (
∂ Re T
∂v
)−1, = ∂v
∂ Re T . We neglect corrections that have more than six derivatives, which means 
that they are at least quadratic in χ . This implies that we assume the quantum corrections 
proportional to χ to be small compared to the classical contribution. Hence, we can expand the 
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′
A−1
′ + . . . for detB 

detA. Using (2.37) and applying the above steps one arrives at
L = v

V0 +
π2
24
(
−2
3
χ(J )
V20
v − 2V0 χK

)
. (2.40)
Furthermore, one can compute
ReTL = 4 , (2.41)
which is valid up to linear order in χ . The dual kinetic potential then takes the form
K˜ = log
( 1
4!K
L
LLL

)
+ 4 . (2.42)
Note that it is straightforward to evaluate the coordinates ReT given in (2.37) as a function of 
L given in (2.40) as
ReT = 13!
K
LLL

Vˆ(L)
, Vˆ(L) = 1
4!K
L
LLL
 . (2.43)
This is clearly consistent with (2.11) when using (2.42).
Let us close this section with some further remarks. First of all, note that by using the field 
redefinition (2.40) one finds the same functional dependence of K˜(L) w.r.t. L as in the classical 
reduction without higher curvature terms. This is equally true when evaluating the Kähler poten-
tial K given in (2.15) as a function of the corrected T given in (2.37). Clearly, this implies the 
no-scale condition (2.38) to linear order in the correction χ . Secondly, note that the redefinition 
of L in (2.39) does not change if one varies the coefficient of the last term in T given in (2.37). 
The convenient choice made in (2.37) implies that (2.41) and (2.42) do not have irrelevant linear 
terms of the form χL .
3. F-theory limit and the 4d effective action
In this section we examine the 4d effective theory obtained by taking the F-theory limit of the 
3d results found in section 2. As in [9], we use the duality between M-theory and F-theory to 
lift the lM -corrections to α′-corrections of the 4d effective action arising from F-theory compact-
ified on Y4. In subsection 3.1 we formulate the F-theory limit in terms of the corrected Kähler 
coordinates and discuss the resulting 4d Kähler potential. Next, in subsection 3.2 we derive the 
quantum corrected expressions for the volume of the internal space and for the 4d Kähler coor-
dinates in terms of two-cycle volumes. Analogously to the 3d case, the considered 4d effective 
couplings turn out to be identical to the classical ones when expressed in terms of the modified 
Kähler coordinates. We comment on the consequences of this observation.
3.1. F-theory limit and the effective 4d, N = 1 effective action
To begin with, we require that Y4 admits an elliptic fibration over a three-dimensional Kähler 
base B3. We allow Y4 to accommodate both non-Abelian and U(1) gauge groups. A detailed 
discussion of its geometry will be given in section 4. The structure of the elliptic fibration allows 
us to split the divisors and Poincaré-dual two-forms ω,  = 1, . . . , h1,1(Y4) into three types: 
ω0, ωα , and ωI . The two-form ω0 corresponds to the holomorphic zero-section, the two-forms 
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and the two-forms ωI correspond to both the extra sections, i.e. Abelian U(1) factors, and the 
blow-up divisors, i.e. U(1) factors in the Cartan subalgebra of the non-Abelian gauge group. We 
can thus expand the Kähler form of the Calabi–Yau fourfold as
J = v0ω0 + vαωα + vIωI , (3.1)
where v0 represents the volume of the elliptic fiber. Accordingly, one can also split the L and 
T introduced in (2.40) and (2.37) such that
L = (L0 ≡ R, Lα, LI ) , T = (T0, Tα, TI ) . (3.2)
The field R will play a special role in the uplift from three to four dimensions. In fact, one finds 
that R is given by R = r−2, where r is the radius of the circle compactifying the 4d theory to 
three dimensions.
In the F-theory limit one sends v0 → 0, which translates to sending R → 0. Such an operation 
decompactifies the fourth dimension by sending the radius r of the 4d/3d circle in string units 
to infinity: r → ∞. Henceforth, all volumes of the base B3 will be expressed in units of ls . In 
all 3d effective quantities one has to retain the leading order terms in such a limit. Therefore 
we introduce a small parameter  and express the scaling of the dimensionless fields by writing 
v0 ∼ . As explained in [5,28], one shows that all vI scale to zero in the limit of vanishing , 
whereas vα ∼ −1/2. One then infers the scaling behavior of the classical and quantum volume 
of Y4 to be V0 ∼ V ∼ −1/2. In the following we use the letter b to denote quantities of the base 
that are finite in the limit  → 0.
When compactifying a general 4d, N = 1 supergravity theory on a circle, one can match 
the original 4d Kähler potential and gauge coupling functions with the 3d Kähler potential K
or kinetic potential K˜ . Since we have found that the dependence of K and K˜ on the modi-
fied coordinates T and L is the same as in the classical case, we can perform the limit by 
simply following [5]. Firstly, we recall that the fields Tα remain complex scalars in four dimen-
sions, while the T0, TI should be dualized already in three dimensions into vector multiplets with 
(R, A0) and (LI , AI ) and then uplifted to four dimensions. In fact, (R, A0) are parts of the 4d 
metric, while (LI , AI ) form the Cartan gauge vectors of the 4d gauge group. In this mixed frame 
one finds a kinetic potential K˜(R, LI |Tα, T¯α), which can be computed for example by Legendre 
dualization of Lα starting from (2.42). This kinetic potential has to be matched with the one 
arising in a dimensional reduction from four to three dimensions, which has the form
K˜(r,LI |T bα ) = − log(r2)+KF (T bα )− r2 RefIJLILJ , (3.3)
where the LI are the Wilson line scalars from 4d Cartan vectors on a circle, and fIJ (T bα ) is the 
holomorphic 4d gauge coupling function. As a next step, one can implement the F-theory limit 
by identifying the 3d fields with appropriate 4d fields. In addition to R = r−2 and identifying the 
LI , we also set5
Lαb = Lα|=0 , T bα = Tα|=0 , (3.4)
which are the only L and T that are finite and non-zero in the limit  → 0. This is the same 
limit as taken in [5], but with the modified coordinates L and T .
5 One could speculate that also this identification is modified with terms depending on χ . This would significantly 
change the conclusions of our analysis, but we found no further evidence that this should be the case.
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the classical analysis. First of all, one has to evaluate the intersection numbers K
 for an 
elliptic fibration. One finds the always non-vanishing coupling K0αβγ = Kbαβγ , where we have 
introduced the base intersection numbers
Kbαβγ =
∫
B3
ωα ∧ωβ ∧ωγ . (3.5)
Second of all, one can split the kinetic potential (2.42) and coordinates (2.43) for an elliptic 
fibration. The terms of leading order in  are given by
K˜(L) = log(R)+ log
( 1
3!K
b
αβγ L
α
bL
β
bL
γ
b + · · ·
)
+ 4 , (3.6)
ReTα = 12!
Kbαβγ LβbLγb
Vˆb(Lb)
+ . . . , Vˆb(Lb) ≡ 13!Kαβγ L
α
bL
β
bL
γ
b , (3.7)
where we have replaced the Lα with Lαb by means of (3.4). Performing the Legendre transform 
in order to express everything in terms of T bα and comparing the result with (3.3) setting R = r−2
one finds
KF (T bα ) = log
( 1
3!K
b
αβγ L
α
bL
β
bL
γ
b
)
, ReT bα =
1
2!
Kbαβγ LβbLγb
Vˆb(Lb)
, (3.8)
where one has to solve T bα for Lαb (T
b
α ) and insert the result into KF . Analogously to the 3d case, 
one can compute
ReT bα L
α
b = 3 . (3.9)
In this case we also choose the constant shift in (3.14) in order to avoid irrelevant linear terms of 
the form χbαLαb in the kinetic potential.
The result (3.8) agrees with the classical result and hence, as in three dimensions, the func-
tional dependence of KF on T bα is not modified by the corrections. In particular one can trivially 
check that the no-scale condition
KF
T bα
K
F T bα T¯
b
β KF
T¯ bβ
= 3 (3.10)
is satisfied by this Kähler potential and Kähler coordinates. It should be stressed that the mod-
ifications arise when expressing KF and T bα in terms of the finite two-cycle volumes vαb as we 
discuss in detail in subsection 3.2.
Before closing this subsection we note that the gauge coupling function of the 4d gauge group 
can equally be determined by comparing (3.3) with the M-theory result (2.42). Clearly, one also 
just finds the classical result when working in the coordinates T bα . More precisely, if the seven-
brane supporting the gauge theory wraps the divisor dual to Cαωα in B3, the gauge coupling 
is proportional to CαT bα . As we will see in the next subsection, also this result differs from the 
classical expression when written in terms the two-cycle volumes vαb of B3.
3.2. Volume dependence of the 4d, N = 1 coordinates and Kähler potential
In this subsection we express the 4d, N = 1 coordinates T bα and Kähler potential KF given in 
(3.8) in terms of finite two-cycle volumes vαb in the base B3. In these coordinates the corrections 
will reappear and we can comment on their structure.
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Jb = vαb ωα|B3 . The classical volume V0b of the base and the volume dependent matrix Kbαβ are 
defined as
V0b =
1
3!
∫
B3
J 3b , Kbαβ =
∫
B3
ωα ∧ωβ ∧ Jb =Kbαβγ vγb , Kbα =Kbαβγ vβb vγb , (3.11)
where Kbαβγ are the triple intersection numbers of B3 defined in (3.5). All corrections to the 4d 
theory will be expressed in terms of the fundamental quantity
χα =
∫
Y4
c3(Y4)∧ωα !=
∫
B3
[C] ∧ωα ≡ χbα . (3.12)
Since the ωα are inherited from the base B3 there always exists a curve C such that the middle 
equality in (3.12) is satisfied. An explicit expression for C is derived in section 4 starting from 
c3(Y4) for numerous singular configurations with extra sections. Let us note that we have defined 
χbα = χα in order to more easily distinguish χ(J ) = vχ and χb(Jb) = vαb χbα .
We now can relate the two-cycle volumes vαb of B3 to the two-cycle volumes v
 of Y4. Since 
both v0 and vα scale with  as discussed above, one is led to set√
v0vα = 2πvαb . (3.13)
This is the classical relation between the different two-cycle volumes.6 One can then evaluate the 
N = 1 Kähler coordinates ReT bα and the real coordinates Lαb in terms of the vαb . Inserting (3.13)
into (2.37) and (2.40) one finds
ReT bα = (2π)2
Kbα
2
+ π
2
24
(
1
2
Kbαχb(Jb)
V0b
− χbα
)
, (3.14)
Lαb =
vαb
(2π)2V0b
− 1
384π2
(
1
2
vαb χb(Jb)
V0 2b
+ K
αβ
b χ
b
β
V0b
)
. (3.15)
The only non-trivial step in this computation is to relate the inverse Kαβ to the inverse Kαβb of 
Kbαβ given in (3.11). We will discuss this in more detail momentarily. Before doing so, let us 
introduce the quantum base volume Vb by setting
R1/2V3/2 = (2π)3Vb . (3.16)
This equation can be viewed as an extension of the relation between the classical volumes of Y4
and B3 to a quantum shifted V and Vb. Inserting the identification (3.13) one finds
Vb = V0b +
χb(Jb)
96
. (3.17)
Equation (3.16) also implies that the F-theory Kähler potential takes form
KF = −2 log(2π)3Vb . (3.18)
6 Note that one could have included further terms proportional to χbα that would non-trivially mix the two-cycle vol-
umes in a manifestly non-local way. It is straightforward to use such a more general ansatz in the following expressions. 
However, a string theory interpretation of such corrections would remain elusive and we refrain from including them in 
the following.
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the base volumes vαb and v0. Using (3.13) and (3.24) in (2.40) one finds that
1
r2
= R = v
3/2
0
(2π)3
1
Vb , (3.19)
with Vb given in (3.17). Note that this implies the existence of a correction to the classical iden-
tification that only involved V0b .
It remains to comment on the relation of Kαβ and Kαβb . To this end, we need to determine the 
behavior of the matrix K in the F-theory limit. Recall that here we are restricting our attention 
to corrections at order l6M , over which we have direct control through the higher-dimensional 
theory, and therefore we will only retain terms up to linear order in χ . By splitting the index 
in (0, α), the equality KK = δ gives rise to the following conditions:
Kα0K0β +KαγKγβ = δβα , (3.20)
K00K0α +K0γKγα = 0 , (3.21)
K00K00 +K0γKγ 0 = 1 . (3.22)
It is easy to realize that K00, K0α, Kαβ have leading terms which scale like −1, −1, 1/2 respec-
tively. This implies that, for (3.20) to be fulfilled in general, Kαβ must admit a term which scales 
like −1/2. Moreover, such a term is the leading one for  → 0, as otherwise Lα would not stay 
finite in the limit. In contrast, K0α goes to zero at least as fast as , thus ensuring the right scaling 
behavior of R, i.e. 3/2. Given the following ansatz for the leading term of Kαβ
√
v0Kαβ = 1
2(2π)
(
Kαβb − q
vαb v
β
b
V0b
)
, (3.23)
with q a yet to be determined coefficient, condition (3.20) at the zeroth order in  implies after 
using (3.13) and neglecting higher order terms that
K0α
v0
= q
(2π)2
vαb
V0b
. (3.24)
Now, looking at condition (3.21), one realizes that there is a sum of divergent terms of order 
−3/2. Requiring this sum to be identically zero for every α fixes the coefficient q to be
q = 1
6
. (3.25)
Note that if only one Type IIB modulus is present, the r.h.s. of equation (3.23) is identically zero, 
and thus Kαβ vanishes in the F-theory limit, as its leading term is of order . Let us remark here 
that the above result is not an artifact of the F-theory limit. In fact, one can alternatively infer 
equation (3.23) with q as in (3.25) by matching the inverse of the classical Kähler metrics in 
three and four dimensions.
To further discuss the result (3.14) we stress that in addition to the constant shift in ReT bα
one also finds a correction proportional to χb(Jb). Using (3.12) this implies that ReT bα receives 
corrections depending on the volume of the curve C. A priori this curve needs not to intersect 
the divisor dual to ωα of which the classical part of ReT bα parametrizes the volume. It would 
be interesting to understand the origin of this ‘non-locality’. This becomes particularly apparent 
when interpreting ReT bα as part of the seven-brane gauge coupling function as discussed at the 
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sending the total classical volume V0b of B3 to infinity. Note, however, that χb(Jb) is suppressed 
by V0b and the non-local correction disappears for V0b → ∞. This implies that the correction is 
consistent with the expected local behavior in the decompactification limit.
In summary, we found the quantum corrected coordinates T bα given in (3.14) and Kähler 
potential (3.18) with (3.17). Both corrections appear when expressing the 4d results in terms of 
the geometrical two-cycle volumes vαb . We suggested that there are no further corrections to the 
map (3.13) in order that our results admit a reasonable string interpretation. To fully confirm this 
assertion, one should compute for example the D7-brane gauge coupling function. The relevant 
open string amplitude is at one-loop order in gs and has been studied before in various Type II 
set-ups in [29–33]. It would be interesting to perform the match with our result.
4. Weak-coupling interpretation of the α′ correction
In the previous sections, we found that the inclusion of higher curvature terms in the M-theory 
reduction leads to a redefinition of the Kähler coordinates both in three and four dimensions. The 
main new object is
χ =
∫
Y4
c3(Y4)∧ω (4.1)
and in the following we will try to shed some light on its physical interpretation. In order to un-
derstand the physical quantities that χ and the related χ(J ) = vχ correspond to, we rewrite 
them in terms of geometrical objects in Sen’s weak-coupling limit of F-theory [21,22]. We sum-
marize our results in subsection 4.1 and give a precise account of which cases they apply to. 
The remainder of the section is devoted to a more detailed discussion of the weak-coupling limit 
in these cases. In subsection 4.2 we treat those F-theory set-ups with purely non-Abelian gauge 
groups, while in subsection 4.3 we extend the discussion to so-called U(1)-restricted models. 
Finally, in subsection 4.4 we give more details on the algorithms used to check our conjectured 
formulas for a relatively large number of cases.
4.1. Summary of results and limitations
After singling out χ as the main object of interest, let us be clear about what we mean 
by analyzing its weak-coupling interpretation. As is well-known, the weak-coupling limit of 
F-theory corresponds to Type IIB compactified on a Calabi–Yau manifold Z with orientifold 
planes. One obtains the manifold Z by taking the double cover of B3, the base of the elliptic 
fibration Y4, branched along the orientifold locus. We wish to find a geometric object inside Z
that contains the same information as χ . More precisely, after taking the F-theory limit, all we 
are really interested in are the values χbα as defined in (3.12). This means that we are trying to 
find a curve C ⊂ Z satisfying∫
B3
[C] ∧ωbα = χbα ∀α . (4.2)
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present our results. Restricting the gauge group to be
G =
nSU∏
i=1
SU(Ni)×
nUSp∏
j=1
USp(2Mj) (4.3)
of which we believe to have a relatively decent weak-coupling understanding and embedding the 
elliptic fiber in P231 we suggest that C is given by7
C = −W · (W − c1
2
)+ Cnon-Abelian
= −W · (W − c1
2
)−
∑
•=+,−
nSU∑
i=1
NiS
•
i · (S•i +
c1
2
)−
∑
i
2MiTi · (Ti + c12 ) . (4.4)
Here we denoted by W the class of the Whitney umbrella, by S±i the brane stack and its orien-
tifold image hosting the SU(Ni) gauge group, and by Ti the brane stack on which the USp(2Ni)
gauge theory is located. For U(1)-restricted models with a simple non-Abelian gauge group, the 
Whitney umbrella splits into two pieces denoted by W± and we conjecture that the curve can be 
written as
C = −W+ · (W+ + c1
2
)−W− · (W− + c1
2
)+ Cnon-Abelian . (4.5)
For the sake of brevity we used the abbreviation c1 = [π ′∗c1(B3)] with π ′ : Z → B3 the projec-
tion from the double cover Z to the base manifold in the above formulas and will continue to do 
so from here on.
Given a clear geometric expression for C, one can try and find a physical interpretation for the 
topological quantities χbα defined in (4.2). First of all, apart from some shifts proportional to c1, 
C can roughly be interpreted as the curve over which the D7 branes intersect themselves in the 
manifold Z. One explanation for the presence of the c1 shifts might be that they correct effects 
of the orientifold planes, as the orientifold locus has class c1. However, it is not entirely clear 
to us how this correction works. Let us denote the base divisor dual to ωα|B3 by Dbα . Then the 
topological quantities χbα clearly count the number of times that Dbα intersects the curve C. In 
the light of this piece of information, we can reconsider the shifts to T bα that were found in the 
previous section. While the term proportional to χbα is ’local’ in the sense that it corresponds to 
intersections of the divisor Dbα , the term linear in χb(Jb) is not. For generic values of vαb , Jb is a 
linear combination of all divisors Dbα and hence the correction of the coordinate T bα also depends 
on the topology of divisors far away from Dbα .
Before proceeding to the computations, let us be very clear about the class of models that we 
suggest our formulas apply to. In the absence of Abelian gauge groups, we believe that our result 
(4.4) holds very generally and depends neither on the total number of gauge group factors nor on 
the rank of the single factors.8 As soon as one allows for Abelian gauge factors, things become 
more complicated and (4.5) only holds as long as the non-Abelian gauge group is simple and the 
U(1) gauge group can be obtained by U(1)-restriction [35].
7 Here and in the following we use the notation A · B , AB , and [A] ∧ [B] interchangeably to denote the intersection 
product between two subvarieties A and B or, alternatively, the product of their Poincaré-dual forms.
8 Note, however, that an SU(2) gauge group should be treated as USp(2) as already observed for example in [34].
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obtained by U(1)-restriction, or phrased differently, by embedding the elliptic curve inside the 
toric surface F11, see [36] for notation. An easy way of seeing this uses the classification of tops 
[37]. Taking for example SU(5), there exists only one top [36] with fiber F11. However, since the 
top already fixes the matter split, i.e. imposes a condition on the U(1) charges of the non-Abelian 
representations,9 one has that the U(1)-charge of 5 representation must satisfy
Q(5) ≡ 2,3 mod 5 . (4.6)
In more general models, this need not be the case and (4.5) does not apply to those. More gener-
ally, F-theory models obtained from Calabi–Yau manifolds with elliptic fibers embedded in other 
spaces than F11 appear to be described by (4.5) if and only if they have the matter split as the 
U(1)-restricted model with the same non-Abelian gauge group. In the examples we studied, all 
tops with generic fiber F11 that give rise to flat fibrations had the same matter split, namely the 
straightforward generalization of (4.6):
Q(N) =
{
N
2 for N even
N−1
2 ,
N+1
2 for N odd
(4.7)
It would be interesting to find a general proof that U(1)-restricted models always have this matter 
split.
Finally, we wish to remark that there does appear to be a similar logic for arbitrary splits and 
F-theory models with both Abelian and multiple non-Abelian gauge factors. While we would 
generally expect the same logic to hold for these more general cases, we currently do not have 
elegant expressions for W± in these scenarios. Studying those set-ups and improving our current 
understanding of the weak coupling limit for arbitrary gauge groups would be an interesting 
problem.
4.2. Weak coupling with non-Abelian gauge groups
Let us begin by briefly reviewing the Sen limit of an elliptically fibered fourfold with fiber 
embedded in P231. In that case we can take its defining equation to be given in Tate form as
y2 = x3 + a1xyz+ a2x2z2 + a3yz3 + a4xz4 + a6z6 (4.8)
and the singularities of the elliptic curve are located at the zero locus of its discriminant
 = −1
4
β22 (β2β6 − β24 )− 8β34 − 27β26 + 9β2β4β6 , (4.9)
where βi is given by
β2 = a21 + 4a2, β4 = a1a3 + 2a4, β6 = a23 + 4a6 . (4.10)
In order to take the weak-coupling limit, one sets [39] β2 = −12h, β4 = 2η, and β6 = − 24 χ
and obtains
 = −362h2(3hχ − 4η2)+O(3) . (4.11)
Next, one defines the Calabi–Yau threefold Z as the double cover of B3 branched over h = 0
as Z : ξ2 = h. In the limit  → 0, the F-theory model then reduces to Type IIB string theory 
9 See [36,38] for a detailed discussion of the relation between tops and matter splits.
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−ξ . A careful analysis of the monodromies along the singular loci of the Calabi–Yau fourfold 
reveals the presence of O7 and D7 branes at
O7 : ξ = 0 W : 3hχ − 4η2 = 0 , (4.12)
where the D7-brane takes the shape of a Whitney umbrella [40,41]. From these expressions one 
easily reads off the cohomology classes of the forms dual to these divisors. They are
O7 = c1 W = 8c1 . (4.13)
Having concluded a discussion of the smooth case, we now begin to enforce singularities along 
certain divisors of the base and study the pullbacks of these divisors to the double cover Z. Let
S : s = 0 (4.14)
be a divisor in the base manifold B3. According to the Tate algorithm, we can then generate a 
non-Abelian singularity along S by restricting the coefficients ai in such a way that they vanish 
along S to a certain order. Since it will turn out to be the simplest case, we begin by considering 
USp singularities. To create an USp(2N) singularity one must restrict ai in such a way that they 
factor as [42]
a1 = a1, a2 = a2, a3 = a3,N sN , a4 = a4,N sN , a6 = a6,2Ns2N. (4.15)
Plugging this form of ai into (4.11), one finds that it factorizes as
USp(2N) = s2Nξ4′USp(2N) . (4.16)
One can then take the Whitney umbrella to be defined by the remaining I1 locus
WUSp(2N) : ′USp(2N) = 0 . (4.17)
Let us now take a closer look at the projection π ′ : Z → B3 and study the pullback π ′∗S. In fact, 
for USp(2N) singularities this is simply
π ′∗S :
{
ξ2 = a21 + 4a2
s = 0 , (4.18)
and in particular π ′∗S is generically irreducible if there is a USp singularity along S.
Next, let us consider SU(N) singularities. In this case, one must choose Tate coefficients ai
such that
a1 = a1, a2 = a2,1s, a3 = a3,N/2sN/2,
a4 = a4,N/2sN/2, a6 = a6,N sN (4.19)
where N/2 denotes the greatest integer smaller than N/2 and N/2 the smallest integer 
greater than N/2. This implies that the discriminant must factor as
SU(N) = sNξ4′SU(N) . (4.20)
As before, we set
WSU(N) : ′SU(N) = 0 . (4.21)
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Unlike for USp, a2 vanishes on S. Considering again the pullback of S to the double cover, one 
finds that
π ′∗S :
{
ξ2 = a21 + 4a2,1s
s = 0 (4.22)
is not irreducible anymore. Instead, it clearly has two components
S± :
{
s = 0
ξ± = 0 , (4.23)
where we introduced the short-hand
ξ± = a1 ± ξ . (4.24)
The factorization of a2 creates a conifold singularity in Z which cannot be resolved while keep-
ing both the Calabi–Yau condition and the orientifold symmetry [39].10 As done in [44], in what 
follows we will always restrict to base manifolds B3 whose topology does not allow the curve 
{a1 = a2,1 = 0} to intersect the surface {s = 0}, thus assuring smoothness of the double cover. 
Plugging in the equations, one sees that S+ and S− intersect precisely on their respective inter-
section curve with the O7 plane. To see this explicitly, simply compare the defining equations:
S+ · S− :
⎧⎪⎨
⎪⎩
s = 0
ξ+ = 0
ξ− = 0
 S± · ξ :
⎧⎪⎨
⎪⎩
s = 0
ξ± = 0
ξ = 0
(4.25)
To summarize, the pullback of one of the base divisors S hosting an SU singularity to the double 
cover Z of the base branched over the orientifold locus is given by
π ′∗(S) = S+ + S− (4.26)
and SU(N) brane stacks intersect with their images stacks only on the orientifold plane, allowing 
us to interchange the following three terms at will:
S+ · S− = S+ · c1 = S− · c1 (4.27)
After dealing with the brane stacks hosting the non-Abelian gauge theories, we turn to the last 
remaining piece, the Whitney umbrella. From the equations given above one readily reads off 
that for Tate models with gauge group G as in (4.3) its homology class inside the double cover 
Z is given by
W = 8c1 −
nSU∑
i
Ni(S
+
i + S−i )−
nUSp∑
j
2MjTj , (4.28)
where we abbreviated π ′∗Tj as Tj and took it to be the divisor on which the USp(2Mj) gauge 
singularity is located.
10 See [43] for the definition of alternative weak coupling limits which avoid the conifold problem.
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We would now like to understand what happens to W after U(1)-restricting a given Tate 
model. To do so, recall that a U(1)-restriction amounts to enforcing a6 ≡ 0. The additional divi-
sor class introduced by resolving the singularity caused by this restriction gives a second section 
of the fibration, which in turn gives rise to an additional U(1) gauge factor. In order to under-
stand what happens to W upon such a restriction, we need to take a closer look at the Whitney 
umbrella part of the discriminant, which we denoted ′ above.
Beginning with the simplest conceivable model, the one without any non-Abelian gauge sin-
gularities, one finds that
′|→0 ∼ 2
[
a6ξ
2 −
(
a4 + ξ
+
2
a3
)(
a4 + ξ
−
2
a3
)]
+O(3) , (4.29)
where the term in square brackets denotes the familiar Whitney umbrella. At the level of the Tate 
form, it is easy to understand what it means to embed the elliptic fiber inside F11 as opposed to 
P231: It splits into the two pieces defined by
W± : a4 + ξ
±
2
a3 = 0 , (4.30)
which both have homology class
W± = 4c1 . (4.31)
One therefore clearly sees that a U(1) restriction amounts to the Whitney umbrella splitting 
into a brane and image brane. Next, one needs to generalize this to models with additional non-
Abelian gauge factors. As it turns out, this generalization is fairly straightforward for SU(2N)
and USp(2N), while requiring a bit more care when defining the split Whitney umbrella for the 
case of SU(2N + 1).
We begin by discussing the split Whitney umbrella for SU(2N). As before, we place the 
non-Abelian singularity on a divisor in the base manifold B3 defined by the vanishing of a sin-
gle coordinate s. In the weak coupling limit we see that the defining equation of the Whitney 
umbrella takes the form [44]
′SU(2N) ∼
[
a6,2Nξ
2 −
(
a4,N + ξ
+
2
a3,N
)(
a4,N + ξ
−
2
a3,N
)]
∼
(
a4,N + ξ
+
2
a3,N
)(
a4,N + ξ
−
2
a3,N
)
(4.32)
and we again find that W splits into two irreducible pieces W±. Both of them have the same 
homology class, namely
W±SU(2N) = 4c1 −Nπ ′∗S = 4c1 −N(S+ + S−) . (4.33)
In the next step, we proceed with the case of USp(2N). In fact, the only difference to the 
SU(2N) case is that a2 does not factorize. However, since both W+ and W− depend only on 
the invariant divisor class S, the discussion carries over immediately. We therefore find that the 
homology classes of the split Whitney umbrella are
W±USp(2N) = 4c1 −Nπ∗S . (4.34)
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with an odd power of s, that is
|→0 ∼ s2N+1′ , (4.35)
it is a bit more tricky to properly define the Whitney umbrella. In the local patch away from the 
D7-stack one now finds that
′SU(2N+1) =
[
a6,2N+1ξ2 − s
(
a4,N+1 + ξ
+
2s
a3,N
)(
a4,N+1 + ξ
−
2s
a3,N
)]
, (4.36)
where, as before, the first term vanishes after setting a6 ≡ 0. In order to obtain the split Whitney 
umbrella one uses the same trick as in the previous subsection and notes that on the threefold 
Z the divisor S splits into two irreducible components. As the example in [45] suggests, one 
may find an alternative way of defining Z such that S+ and S− can separately be written as the 
complete intersection with Z of a unique equation in the ambient space,11 unlike what happens 
for the above definition of Z, where this is only true for S+ +S−. In other words, there may exist 
polynomials s+, s−, r+, r− such that
s = s+s− ,
ξ± = s±r∓ , (4.37)
and, in particular,
S± : s± = 0 , (4.38)
where the divisors S+ and S− do not necessarily need to have the same homology class. This is 
expected to hold generally for smooth, SU(3) holonomy Calabi–Yau threefolds, since the group 
of their 4-cycles is completely specified topologically to be H 1,1(Z), and thus all 4-cycles are 
algebraic anywhere in the complex structure moduli space. We can therefore write
′SU(2N+1) ∼ s
(
a4,N+1 + ξ
+
2s
a3,N
)(
a4,N+1 + ξ
−
2s
a3,N
)
∼
(
a4,N+1s− + r
−
2
a3,N
)(
a4,N+1s+ + r
+
2
a3,N
)
. (4.39)
Having brought ′SU(2N+1) in this form, one can easily read off the homology classes of W±:
W±SU(2N+1) = 4c1 − (N + 1)π∗S + S∓
= 4c1 − (N + 1)S± −NS∓ (4.40)
Note that the two irreducible components of the Whitney umbrella have different homology 
classes if and only if the classes of the SU(2N + 1) brane stack and image brane stack are 
different as well.
4.4. Computational strategies and survey
After introducing the geometric objects relevant in the weak-coupling picture of our F-theory 
set-ups, we turn to the actual derivation of our main result, equations (4.4) and (4.5). In principle, 
11 In [45] Z was written as a complete intersection of two equations in an ambient fivefold.
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Tate model, engineer singularities by restricting coefficients accordingly, resolve them and use 
known intersection relations to reduce c3(Y4) ∧ J to an expression in terms of quantities on the 
base manifold B3. Once one has an expression for c3(Y4) ∧ J in terms of quantities on B3, this 
can then be lifted to Z. In Appendix B we exemplify this method for a simple USp(2) F-theory 
set-up.
In practice, this approach quickly becomes very cumbersome. As a way out, we automated 
the calculation and used an algorithm to calculate C for a range of examples. Let us go into 
a bit more detail and outline the algorithm that we applied. The basic idea is as follows: For 
D7-branes located along a certain set of divisors {S1, . . . , T1, . . . }, one expects the curve C to be 
given by a linear combination of all the curves one can obtain from taking intersections between 
the D7-brane divisors and the divisor Poincaré-dual to c1(B3). One can thus write down the 
most general ansatz, consisting of said 
(nSU+nUSp+2
2
)
terms. Next, one chooses a base manifold 
B3 and selects the gauge groups hosted on the D7-brane divisors. In toric language, choosing 
a gauge group corresponds to determining a set of tops [37,46] sharing the same generic fiber 
space. After requiring flatness in codimension 2 on B3 [36,47], see also [48,49], one makes 
an explicit choice for the D7-brane divisors Si and Ti . This choice fixes the location of the 
tops over the base manifold. Using the methods developed in [36],12 one can then construct all 
Calabi–Yau fourfolds containing the given base and tops. After choosing one of these fourfolds, 
it is straightforward to compute its third Chern class and to calculate intersection numbers with 
a base of divisors. By demanding∫
Y4
c3 ∧ωα != C ·Dbα (4.41)
one thus obtains a set of linear constraints that the expansion coefficients for C have to satisfy.
Fig. 1 describes how to iterate this procedure. Instead of using a single basis, one can use a set 
of base manifolds, find all homologically inequivalent tuples of base divisors and then enforce 
(4.41) for all such manifolds Y4. In creating such a large number of manifolds, we heavily relied 
on the methods and code developed in [36,38,47,52].13 Let us emphasize here that while the 
algorithm described here deals with computing the image of c3 under the F-theory limit, it is 
straightforward to generalize this set-up to compute other quantities that might be challenging to 
obtain analytically.
Unlike the analytic computation, this is of course by no means a rigorous proof. Neverthe-
less, the above procedure quickly produces highly overconstrained systems of linear equations 
for a variety of bases. In all of these cases, we verified that there exist unique solutions fitting 
furthermore into the logic of Equations (4.4) and (4.5). We therefore believe that our findings are 
relatively robust.
Last, but not least, let us close this section with a concrete survey of the gauge groups that we 
studied in order to verify (4.4) and (4.5). For models with purely non-Abelian gauge groups we 
studied simple gauge groups with rank ≤ 10 and gauge groups with two or three simple factors 
12 In [50,51] an equivalent method for determining all fibrations of a top over a base was presented. While in [36] one 
computes the set of fourfold completions by using convexity arguments for the fiber polygon, the authors of [50,51]
demand that the fiber coordinates must be sections of certain line bundles, thereby enforcing restrictions on the line 
bundle classes.
13 Note that similar methods for constructing global F-theory compactifications have recently been under intensive 
investigation in [48–51,53–55].
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and rank ≤ 7. Furthermore, we examined U(1)-restricted models with simple non-Abelian gauge 
groups of rank ≤ 10. For those cases, we found the following expressions to hold:
CP231 = −60c1(B3)2
+ 16
nSU∑
i=1
Nic1 · Si −
nSU∑
i=1
Ni(Ni + 1)S2i −
∑
i 	=j
NiNjSi · Sj
+ 15
nUSp∑
2Mic1 · Ti −
nUSp∑
2Mi(2Mi + 1)T 2i −
∑
4MiMjTi · Tj (4.42)
i=1 i=1 i 	=j
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CF11,SU(2N+1) = −36c1 + (18N + 10)S · c1 − 2(N2 + 2N + 1)S2 (4.44)
Using the expressions for the Whitney umbrella and the pullbacks of the gauge group divisors 
to the double cover Z given in subsections 4.2 and 4.3, one can confirm that the formulas are 
equivalent to equations (4.4) and (4.5).
5. Conclusions
In this work we performed the classical Kaluza–Klein reduction of two known higher-
derivative couplings of 11d supergravity in an unwarped compactification on a Calabi–Yau 
fourfold. In eleven dimensions, the two analyzed l6M corrections were of the schematic form 
R4 and G24R
3 in terms of the Riemann tensor and the M-theory four-form field strength G4. Let 
us stress, however, that we omitted eight-derivative terms of the form (∇G4)2R2 in this analysis, 
and assumed the third Chern-form of the Calabi–Yau manifold to be harmonic. We analyzed the 
consequences for the ensuing 3d, N = 2 effective action and found that both the total volume 
of the Calabi–Yau fourfold and the 3d, N = 2 Kähler coordinates are non-trivially corrected at 
order l6M . The first correction modifies the classical expression of the 3d Kähler potential in terms 
of two-cycle volumes, whereas the second is a shift of the classical volume of holomorphic six-
cycles that also depends on the two-cycle volumes. The two corrections combine in such a way 
that the functional dependence of the 3d Kähler potential on the 3d, N = 2 Kähler coordinates re-
mains classical. Let us note that there actually exists a one-parameter family of 3d, N = 2 Kähler 
coordinate deformations in terms of the considered basic geometric quantities of Y4 under which 
the Kähler potential retains its classical functional dependence. The reduction of the 11d G24R
3
coupling was therefore crucial to directly deduce the Kähler metric and to identify the correct 
3d, N = 2 Kähler coordinates. It is very intriguing that we have encountered the remnants of 
N = 2 supersymmetry in 3d having considered only a subsector of the theory. It would be very 
interesting to understand if there is an underlying reason for that. A more complete analysis of 
the effective action can be found in [18–20].
Next, we examined the lift of such corrections to the 4d, N = 1 effective theory obtained 
from an elliptically fibered Calabi–Yau fourfold compactification of F-theory by making use of 
the M-theory/F-theory duality. In doing so, we found a natural map between the 4d and the 3d 
Kähler coordinates and confirmed that the functional dependence of the Kähler potential remains 
classical also in four dimensions. Furthermore, we expressed the 4d Kähler potential as well as 
the Kähler coordinates and their Legendre dual variables in terms of two-cycle volumes and 
intersection numbers of the base manifold. Written in this form, both the Kähler potential and 
Kähler coordinates receive non-trivial α′ 2 corrections depending on the volume and intersections 
of a specific curve C in the base of Y4. This curve is defined by using the third Chern class of Y4
and shown to crucially depend on the seven-brane configuration present in the compactification.
In order to gain a deeper understanding of the corrections parametrized by C we examined 
the 4d F-theory reduction in the Type IIB weak string coupling limit. The resulting set-up admits 
space–time filling D7-branes and O7-planes. We suggested the simple geometric expressions 
(4.4) and (4.5) for the curve C in terms of the D7-brane and O7-plane locations. In order to 
test these expressions we developed an algorithm to systemically perform this computation for a 
range of examples with multiple Abelian and non-Abelian gauge group factors. We infer that the 
self-intersection curve of each D7-brane present in the weakly coupled background contributes 
to C and hence induces an α′ 2 correction. In particular, these corrections are due to open string 
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only do the corrections vanish in the absence of D7-branes, but also in N = 2 compactifications 
in which the D7-branes are parallel.
In the presented general F-theory reduction a linear combination of the 4d, N = 1 Kähler 
coordinates is found to be the seven-brane gauge coupling function in the effective theory. This 
is also the case when including the eight-derivative couplings of M-theory and performing the 
duality to F-theory. The correction we find non-trivially shifts the gauge coupling function from 
its classical value, represented by the Einstein frame volume of the divisor wrapped by the seven-
brane gauge stack. As the Kähler coordinates themselves, the shift depends on the volume and 
intersections of the curve C. In particular, this shift can contain volumes of curves that do not 
meet the seven-brane with the considered gauge coupling function. This seemingly ‘non-local’ 
contribution does, however, vanish in the decompactification limit corresponding to decoupling 
gravity. Considered at weak string coupling a simple counting of powers of the string coupling 
shows that the relevant amplitude which computes such a shift is at one-loop order. Since it would 
be interesting to have an independent string derivation of this correction, let us mention here that 
gauge coupling corrections were computed for certain F-theory set-ups in [23,56] and for general 
classes of Type IIA torus orientifolds for example in [29–33], see also [1] for a comprehensive 
review of orientifold set-ups. Naturally, finding a map between those string corrections and the 
one we found would be gratifying. While constructing compactification manifolds in F-theory, 
which reduce to the class of orientifolds that are under computational control as far as world-
sheet corrections are concerned, may turn out to be a non-trivial task, it seems plausible that the 
qualitative behavior of both corrections can be matched in certain limits.
Finally, let us comment on the implications on the search for new string vacua. As explained 
in section 3, the fact that the corrections to the Kähler coordinates T bα are non-holomorphic 
suggests that the functional dependence of the superpotential W(T ) remains uncorrected. A non-
perturbative superpotential depending on the T bα can arise, for example, from seven-brane gaug-
ino condensates or D3-brane instantons. Consistent with the above observations both the gauge 
coupling function of the seven-brane stack and the D3-brane instanton action need to receive 
corrections. Clearly, if both W(T ) and the Kähler potential have the same functional dependence 
as in the classical reduction the search for vacua remains unmodified. However, it might be in-
teresting to combine our redefined Kähler coordinates with additional corrections to the Kähler 
potential and to revisit [57,58] in this light.
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Appendix A. Conventions, identities, definitions and results
In the following we give various definitions and identities, which are required to perform the 
computations in this work. We also give the detailed results of the reduction of higher curvature 
terms on a Calabi–Yau fourfold.
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we use real and complex indices denoted by a1, a2, a3 and α, β, α¯, β¯ , respectively. Real indices 
of the total space M11 are written in capital Latin letters L, M, N . Furthermore, the convention 
for the totally anti-symmetric tensor in Lorentzian space in an orthonormal frame is 012...10 =
012 = +1. We take s = 0 if the metric has Riemannian signature and s = 1 for a Lorentzian 
metric. One finds the following identities:
H1···HnG1···Gn = (−1)sn!δ[H1G1δH2G2 · · · δHn]Gn (A.1)
and
H1···HjHj+1···HnH1···HjGj+1···Gn = (−1)s(n− j)!j !δ[Hj+1Gj+1δHj+2Gj+2 · · · δHn]Gn . (A.2)
We define the Christoffel symbols to be
OMN = 12g
OP (∂MgNP + ∂NgMP − ∂P gMN) . (A.3)
The Riemann tensor is defined as
ROPMN = ∂MONP − ∂NOMP + LNPOML − LMPONL , (A.4)
and the Ricci tensor and the scalar curvature as
RMN = ROMON, R = gMNRMN . (A.5)
The Riemann tensor and the Ricci tensor obey the symmetry relations
ROPMN = −ROPNM, ROPMN = −RPOMN, ROPMN = RMNOP, RMN = RNM.
Written in components, the first Bianchi identity and the second Bianchi identity are
ROPMN +ROMNP +RONPM = 0
(∇LR)OPMN + (∇MR)OPNL + (∇NR)OPLM = 0 . (A.6)
A.1. Complex manifolds
Let M be a complex Hermitian manifold with dimCM = n and 2n real coordinates 
{ξ1, . . . , ξ2n}. We define the complex coordinates to be
(z1, . . . , zn) =
(
1√
2
(ξ1 + iξ2), . . . , 1√
2
(ξ2n−1 + iξ2n)
)
. (A.7)
Using these conventions one finds
√
gdξ1 ∧ . . .∧ dξ2n = √g(−) (n−1)n2 indz1 ∧ . . .∧ dzn ∧ dz¯1 ∧ . . .∧ dz¯n = 1
n!J
n , (A.8)
with g the determinant of the metric in real coordinates and 
√
detgab = detgαβ¯ . The Kähler form 
is given by
J = igαβ¯dzα ∧ dz¯β¯ . (A.9)
Let ωp,q be a (p, q)-form, then
∗ωp,q = (−1)
n(n−1)+2np
2 i
n
p!q!(n− p)!(n− q)!ωα1···αpβ¯1···β¯q 
α1c···αp
γ¯1···γ¯n−p
× β¯1···β¯q
σ1···σn−q dz
σ1 ∧ · · · ∧ dzσn−q ∧ dz¯γ¯1 ∧ · · · ∧ dz¯γ¯ n−p . (A.10)
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We define the curvature two form for Hermitian manifolds to be
Rαβ = Rαβγ δ¯dzγ ∧ dz¯δ¯ (A.11)
and
TrR= Rααγ δ¯dzγ ∧ dz¯δ¯
TrR2 = Rαβγ δ¯Rβαγ1 δ¯1dzγ ∧ dz¯δ¯ ∧ dzγ1 ∧ dz¯δ¯1
TrR3 = Rαβγ δ¯Rββ1γ1 δ¯1Rβ1αγ2 δ¯2dzγ ∧ dz¯δ¯ ∧ · · · ∧ dzγ2 ∧ dz¯δ¯2 . (A.12)
The Chern classes can be expressed in terms of the curvature two form as
c0 = 1
c1 = i TrR
c2 = 12!
(
TrR2 − (TrR)2
)
c3 = 13c1c2 +
1
3
c1 ∧ TrR2 − i3 TrR
3
c4 = 124
(
c41 − 6c21 TrR2 − 8ic1 TrR3
)
+ 1
8
((TrR2)2 − 2 TrR4) . (A.13)
The Chern classes of the n-dimensional Calabi–Yau manifold Yn reduce to c3(Yn≥3) = − i3 TrR3
and c4(Yn≥4) = 18 ((TrR2)2 − 2 TrR4) with TrR4 defined as in (A.12).
A.3. Explicit form of the higher-derivative terms
In this subsection we discuss the explicit form of the terms in the action in equations (2.2)
and (2.3). In the following we define the scalar functions t8t8R4, 1111R4, t8t8G24R3, and 
1111G
2
4R
3
.
Let us define the tensor tˆ in real coordinates [59] as
tˆ a1a2···a8 = −1
2
a1···a8 − 2
(
δa1[a3|δ|a2a4]δa5〈a7|δ|a6a8〉
+ δa1[a5|δ|a2a6]δa3〈a7|δ|a4a8〉 + δa1[a7|δ|a2a8]δa3〈a5|δ|a4a6〉
)
+ 8
(
δ〈a2|[a3δa4]a5δa6a7δa8|a1〉 + δ〈a2|[a5δa6]a3δa4a7δa8|a1〉
+ δ〈a2|[a5δa6]a7δa8a3δa4|a1〉
)
. (A.14)
The symbols [ ],  ,  , 〈 〉 all denote anti-symmetrization. This means anti-symmetrization in 
the pairs of indices (a1a2), (a3a4), (a5a6), (a7a8), respectively. The t8 tensor is defined to be
(t8)
a1···a8 = tˆ a1···a8 + 1
2
a1···a8 . (A.15)
For a generic antisymmetric tensor M the following relation holds:
(t8)
a1···a8Ma a · · ·Ma7a = 24 TrM4 − 6(TrM2)2 (A.16)1 2 8
T.W. Grimm et al. / Nuclear Physics B 903 (2016) 325–359 353Expressed in components, the terms appearing in the action (2.1) are
t8t8R
4 = t8 M1···M8 tN1···N88 RM1M2N1N2R
M3M4
N3N4
R
M5M6
N5N6
R
M7M8
N7N8
, (A.17)
and
1111R
4 = N1···N11N1N2N3M4···M11RN4N5M4M5 · · ·RN10N11M10M11
= −3!8!R[M4M5M4M5 · · ·RM10M11]M10M11 . (A.18)
Additionally, one has
t8t8G
2
4R
3 = t8 M1···M8 tN1···N88 G4 M1 abN1 G4
M2 ab
N2
R
M3M4
N3N4
R
M5M6
N5N6
R
M7M8
N7N8
,
(A.19)
where a, b denote flat 11-dimensional indices,
1111G
2
4R
3
= N0N1···N10N0M1···M10G4N1N2M1M2G4
N3N4
M3M4
R
N5N6
M5M6
R
N7N8
M7M8
R
N9N10
M9M10
= −10!G4[M1M2M1M2G4
M3M4
M3M4
R
M5M6
M5M6
R
M7M8
M7M8
R
M9M10]
M9M10
, (A.20)
and
X8 = 1192
[
TrR4
R
− 1
4
(
TrR2
R
)2]
. (A.21)
Let the subscript R denote the curvature two-forms in real coordinates, i.e. RR = 12ROPNMdxN ∧
dxM . The traces of curvature two-forms in real coordinates are defined analogously to those in 
complex coordinates as in (A.12), but with an additional factor 12 for each curvature two-form. On 
a Calabi–Yau manifold one has X8(Y4) = − 124c4(Y4). This follows straightforwardly by using 
the transformation properties under coordinate transformation from real to complex coordinates, 
which are TrR4
R
↔ 2 TrR4 and TrR2
R
↔ 2 TrR2, and then by comparison to (A.13).
A.4. Results of the reduction
In the following we give the results of the dimensional reduction of the higher derivative 
corrections in (2.3). We consider only terms which have two external derivatives and hence the 
various index summations reduce to those ones where two indices of each G4 are external and 
the remaining summed indices are purely internal. In this spirit, the reduction of t8t8G24R
3 yields
t8t8G
2R3 ∗11 1 ⊃ sgn(◦ · · · ◦)G◦ ◦μ1μ2Gμ1μ2◦ ◦R◦ ◦◦ ◦R◦ ◦◦ ◦R◦ ◦◦ ◦ ∗11 1
= 14 terms := Xt8t8 . (A.22)
The symbols ◦ schematically represent all appearing permutations of internal indices due to the 
index structure of the t8 tensor. One then reduces 1111G24R
3 and finds
1
96
1111G
2R3 ∗11 1 ⊃ sgn(◦ · · · ◦)G◦ ◦μ1μ2Gμ1μ2◦ ◦R◦ ◦◦ ◦R◦ ◦◦ ◦R◦ ◦◦ ◦ ∗11 1
= 8 terms −Xt t . (A.23)8 8
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−
(
t8t8G
2
4R
3 + 1
96
1111G4
2R3
)
∗11 1 = 8 terms = (A.24)
27
[
F2 ∧ ∗3F2
]
×
[
Rα2 α4α1α3 R
α1 α6
α2α5 R
α3 α5
α4α6 (ω)
α0
α (ω)
α
α0
+Rα2 α4α1α3 Rα5 α6α2α4 Rα1 α3α5α6 (ω) α0α (ω) αα0
+ 3Rα α3α1α2 Rα4 α6α3α5 Rα2 α5α4α6 (ω) α0α (ω) α1α0
− 3Rα2 α4α1α3 Rα α6α2α5 Rα3 α5α4α6 (ω) α0α (ω) α1α0
− 3Rα2 α4α1α3 Rα5 α6α2α4 Rα α3α5α6 (ω) α0α (ω) α1α0
+ 3Rα1 α3α0α2 Rα4 α6α3α5 Rα2 α5α4α6 (ω) α0α (ω) αα1
− 3Rα2 α4α0α3 Rα1 α6α2α5 Rα3 α5α4α6 (ω) α0α (ω) αα1
− 3Rα2 α4α0α3 Rα5 α6α2α4 Rα1 α3α5α6 (ω) α0α (ω) αα1
]
∗8 1. (A.25)
These eight terms, each containing different index summations between three Riemann tensors 
and the components of two (1, 1)-forms, can be rewritten using three curvature two-forms and 
two (1, 1)-forms as in (2.30).
A.5. Identities
In this section we prove some identities that are necessary to derive the result of subsection 2.2. 
By choosing coordinates and using (A.9) and (A.10), one can straightforwardly show that
∗8J 4 = 4! and ∗8 J 3 = 3!J . (A.26)
Furthermore, one can show that
∗8ω = 23
1
4!V0K ∧ J
3 − 1
2
ω ∧ J 2 , (A.27)
∗8
(
ω ∧ J 2
)
= −2ω + 13V0K ∧ J , (A.28)
∗8
(
ω ∧ J 3
)
= 1V0K , (A.29)
∗8 (ω ∧ω ∧ J ) = −V0K˜0 
ωK
 +Hij , (A.30)
where Hij is a closed (1, 1)-form, Hij = ∗∂H˜ij , where H˜ij is a (2, 3) form. These identities 
follow from using the topological intersection numbers (2.21), (2.22), and K0 ′ , the inverse 
of
K˜0 =
V0
2
K − 136KK = −V0
∫
ω ∧ ∗8ω . (A.31)
Explicitly, K0 ′ reads
K˜0  = 2V K
 − 1
3V2 v
v , (A.32)0 0
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basis of (3, 3) -forms, which fulfill the relation 
∫
ω˜ ∧ω = δ . Then one finds
ω˜ = −V0K˜0  ∗8 ω . (A.33)
In the following the identities (A.27)–(A.30) are derived under the assumption that the under-
lying space is a 4d Kähler manifold. We begin by showing identity (A.27), whose analog for a 
3d Kähler manifold was derived in [60]. Using (A.10) one finds
∗8ω = − i3! TrωJ
3 − 1
2
ω ∧ J 2 , (A.34)
with Trω = ω αα . If ω is harmonic, then Trω is covariantly constant. Thus one can separate 
it from the integrand and evaluate the integral. One has ω ∧ J 3 = −6i Trω ∗8 1 and hence
Trω = i6V0
∫
ω ∧ J 3 = i6V0K . (A.35)
Combining the two previous equations one arrives at (A.27). As a consequence, (A.29) follows, 
too. The identity (A.28) follows trivially from (A.27) by applying the Hodge star on both sides 
of the equation. It is left to show that Trω is covariantly constant for a harmonic form, which 
shall be done later.
Appendix B. Reducing the third Chern class analytically
In this appendix we exemplify how to perform the reduction c3 → [C] analytically by emulat-
ing the calculations performed in [34,61] for the second Chern class. We begin by considering a 
Calabi–Yau fourfold with elliptic fiber embedded in P231, since the Tate algorithm allows us to 
easily specify the non-Abelian singularity on the GUT divisor. Let us assume that the GUT divi-
sor T is defined as t = 0 for some t . In order for the elliptic curve to have an USp(2) singularity 
on D, we must then have that
a3 = a3,1t a4 = a4,1t a6 = a6,2t2 , (B.1)
where a3,1, a4,1 and a6,2 do not vanish over all of T . With these conventions, the fourfold Y4 is 
singular over the locus
x = y = t = 0 (B.2)
and we therefore need to resolve it. In order to do that, we use a trick and realize Y4 as a complete 
intersection in a six-dimensional ambient space X6 as
X6 :
{
y2 + a1xyz+ a3,1σyz3 = x3 + a2x2z2 + a4,1σxz4 + a6,2σ 2z6
σ = t. (B.3)
Using this embedding, we can easily blow up X6 using toric methods. In doing so one introduces 
another homogeneous coordinate, which we denote by e and an additional scaling relation. In 
Table B.1 we list all the relevant toric data. Note that we abbreviated the first Chern class of the 
base manifold by c1 ≡ c1(B3). After performing the blow-up X6 → X˜6, one can easily determine 
the total Chern class of X˜6. It is
c(X˜6) = c(B3)(1 + T −E)(1 + 2c1 + 2ω0 −E)(1 + 3c1 + 3ω0 −E)(1 +ω0)(1 +E) ,
(B.4)
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Homogeneous coordinates of X˜6 and their weights under the torus action. The first row indicates the line bundle that the 
toric coordinates are sections of.
σ x y z e W˜ E˜
T 2c1 3c1 0 0 6c1 D
0 2 3 1 0 6 0
1 1 1 0 −1 2 0
where we defined the divisor classes ω0 and E with respect to the torus action as
ω0 =
(
1
0
)
and E =
(
0
−1
)
. (B.5)
Given c(X˜6), the Chern class of Y˜4 can then be computed by adjunction as
c(X˜4) = c(X˜6)
(1 + S)(1 + 6c1 + 6ω0 − 2E) . (B.6)
In order to simplify the resulting expressions, one can derive identities among the cohomology 
classes c1, ω0, T and E by using the Stanley-Reisner ideal of the toric variety. From Table B.1
one reads off that
xyz,σxy, ez ∈ SR(X˜6) . (B.7)
Noting that the cohomology class of the divisor defined by the Weierstrass equation is a multiple 
of that of y and therefore
xz,σx, ez ∈ SR(Y˜4) (B.8)
one finds that the following identities hold on the blown-up Calabi–Yau fourfold:
xyz ⇒ (2c1 + 2ω0 −E)ω0 = 0 (B.9a)
σx ⇒ (T −E)(2c1 + 2ω0 −E) = 0 (B.9b)
ez ⇒ ω0E = 0 (B.9c)
Using (B.9) allows replacing all multiple occurrences of ω0 and E, since
ω20 = −ω0c1 (B.10a)
E2 = T E + 2c1E − 2c1T − 2ω0T . (B.10b)
Inserting (B.10) into (B.6), contributions to c3(Y˜4) take one of the following three forms:
V 3,ω0V
2,EV 2 (B.11)
Here V stands for any divisor obtained as pullback from B3. Making the replacement J → Jb
and wedging c3 with Jb amounts to taking the intersection product with another vertical divisor. 
One can then use that
EV 3 = V 4 = 0 (B.12)
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quently, in the F-theory limit, the only surviving contributions to 
∫
Y˜4
c3 ∧ JY˜4 take the form∫
X˜4
ω0 ∧ V 3 =
∫
B3
V 3 , (B.13)
as ω0 is the cohomology class of the section of Y˜4. As initially expected, we therefore find that 
the higher curvature correction does reduce to an integral over the base manifold. Multiplying 
out (B.6) to find the precise coefficients one ends up with∫
Y˜4
→
∫
B3
[C] ∧ Jb , (B.14)
where
CSU(2) = −60c21 + 30c1 · T − 6T 2 . (B.15)
This is precisely what (4.4) reduces to for gauge group G = USp(2).
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